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Abstract
We investigate the following question proposed by Erdo˝s: Is there a constant c such that, for each n, if G is a graph with n vertices,
2n − 1 edges, and (G)3, then G contains an induced proper subgraph H with at least cn vertices and (H)3?
Previously we showed that there exists no such constant c by constructing a family of graphs whose induced proper subgraph
with minimum degree 3 contains at most √n vertices. In this paper we present a construction of a family of graphs whose largest
induced proper subgraph with minimum degree 3 is K4. Also a similar construction of a graph with n vertices and n +  edges is
given.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction
There have been many studies on the conditions of a graph which contains or does not contain a subgraph with certain
properties, such as cycles or complete graphs. Bollobás presentedmany such results in his book [1]. Ramsey- andTurán-
type problems are wellknown among such studies [5,7,4]. Recently, Simonovits and Sós presented an excellent survey
on Ramsey- and Turán-type problems with some applications [6]. In this paper we investigate graphs whose induced
subgraphs have minimum degree 3.
We will assume a graph G is a simple connected graph with a vertex set V (G) and an edge set E(G). The set of
graphs with n vertices, e edges, and minimum degree  is denoted by G(n, e, ). For the most part, our notation and
terminology follow those of Bondy and Murty [2].
Consider a wheel on n (5) vertices. Its minimum degree is 3; however, it does not contain an induced proper
subgraph with minimum degree 3. When an edge connecting two vertices on its ‘outer circle’ is added, this new graph
contains an induced proper subgraph with at least
[
n
2
]
vertices whose minimum degree is 3 (Fig. 1). This observation
led Erdo˝s to propose the following question:
Is there a constant c such that, for each n, if G is a graph with n vertices, 2n−1 edges, and (G)3, then G contains
an induced proper subgraph H with at least cn vertices and (H)3?
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Fig. 1. n vertices, 2n − 2 edges, n vertices, 2n − 1 edges.
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Fig. 2. A graph in G(n, 2n − 1, 3).
Previously Choi and Guan showed that there exists no such constant c for n64 by constructing a graph inG(n, 2n−
1, 3) whose induced proper subgraph with minimum degree 3 contains at most √n vertices [3]. In this paper we
improve this result: for each n8, we construct a graph in G(n, 2n − 1, 3) which contains only one induced proper
subgraph with minimum degree 3, K4. Also, a similar construction for a graph in G(n, n + , 3) is given.
2. Construction
Let a fan Fm=F(x1, x2, . . . , xm) be a graph with m (2) vertices, {x1, x2, . . . , xm}, and 2m−3 edges, {x1x2, x2x3,
. . . , xm−2xm−1, xmx1, xmx2, . . . , xmxm−1}; a line lm= l(x1, x2, . . . , xm) a graph with m vertices, {x1, x2, . . . , xm}, and
m−1 edges, {x1x2, x2x3, . . . , xm−1xm}; andKm=K(x1, x2, . . . , xm) a complete graph onm vertices {x1, x2, . . . , xm}.
2.1. Construction of a graph in G(n, 2n − 1, 3)
For an integer n (10), deﬁne a line A, a complete graph B, and a fan C as follows: A = l4 = l(y1, y2, y3, y4),
B = K4 = K(y5, y6, y7, y8), and C = Fn−8 = F(x1, x2, . . . , xn−8). Let G be a graph obtained from A, B, and C
such that the set of vertices of G is V (A) ∪ V (B) ∪ V (C), and the set of edges of G is E(A) ∪ E(B) ∪ E(C) ∪
{x1y1, xn−9y4, xn−8y4, xn−8y8, xn−8y5, y1y5, y2y6, y3y7, y4y8}. Then G is a graph in G(n, 2n − 1, 3) (Fig. 2).
Let us show that B (=K4) is the only induced proper subgraph of G with minimum degree 3. Suppose that H is
an induced proper subgraph of G with (H)3. If H contains a vertex xi for i = 1, 2, . . . , n − 9 (or a vertex yj for
j = 1, 2, 3), then H also contains all three adjacent vertices of xi (or yj ) since (H)3. This implies that H must
contain all the vertices of G. Similarly, if H contains either y4 or xn−8, we can show that H must contain all the vertices
of G. Therefore neither xi’s (i = 1, 2, . . . , n − 8) nor yj ’s (j = 1, 2, . . . , 8) are contained in H , and the only induced
proper subgraph of G with minimum degree 3 is B. Notice that the same result holds for n=8 and 9 with a ‘degenerate’
fan—an empty graph or a graph with only one vertex.
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2.2. Construction of a graph in G(n, n + , 3)
For an integer n10, let  and  be integers satisfying 2, 0<n, and
(
n
2
)
n + . We will apply a similar
construction to obtain a graph in G(n, n + , 3) whose induced proper subgraph with minimum degree 3 contains
at most O(
√
n) vertices. (More precisely, its induced proper subgraph with minimum degree 3 contains at most⌈
5+√8(−2)n+8+9
2
⌉
vertices.)
For a given integer n10, choose the smallest positive integer m satisfying that m4 and
m2
2
− 5
2
m + (2n + 2)n + .
Thenm=
⌈
5+√8(−2)n+8+9
2
⌉
. LetA= lm= l(y1, y2, . . . , ym),B=Km=K(ym+1, ym+2, . . . , y2m), andC=Fn−2m=
F(x1, x2, . . . , xn−2m). Since a smallest graph with m vertices and minimum degree 3 contains
⌈ 3m
2
⌉
edges, as many
as m(m−1)2 −
⌈ 3m
2
⌉
edges can be deleted from B while maintaining the same set of vertices and the minimum degree
of 3. Let us delete m22 − 52m + (2n + 2) − (n + ) edges from B so that the resulting subgraph has m vertices and
minimum degree 3. Call the resulting subgraph D. Then D has 2m − (2n + 2) + (n + ) edges.
Construct a graph G from A, C, and D: the set of vertices of G is V (A)∪V (C)∪V (D), and the set of edges of G is
E(A)∪E(C)∪E(D)∪{x1y1, xn−2m−1ym, xn−2my1, xn−2mym, xn−2mym+1, xn−2my2m, y1ym+1, y2ym+2, y3ym+3, . . . ,
ymy2m}. Then G is a graph with n vertices, n +  edges, and minimum degree 3, i.e., G ∈ G(n, n + , 3). As in the
previous construction, an induced proper subgraph of G with minimum degree 3 contains neither xi’s (i=1, 2, . . . , n−
2m) nor yj ’s (j = 1, 2, . . . , m). Therefore, the largest proper induced subgraph of G with minimum degree 3 is D
which contains
⌈
5+√8(−2)n+8+9
2
⌉
vertices.
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